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ODD NUMBER AND TRAPEZOIDAL NUMBER
MASANORI ANDO
Abstract. In this paper, we give a bijective proof of the reduced lecture hall
partition theorem. It is possible to extend this bijection in lecture hall partition
theorem. And refined versions of each theorems are also presented.
1. Introduction
1
1
= 1,
3 · 2
1 · 3
= 2,
6 · 5 · 3
1 · 3 · 5
= 6,
10 · 9 · 7 · 4
1 · 3 · 5 · 7
= 24,
15 · 14 · 12 · 9 · 5
1 · 3 · 5 · 7 · 9
= 120.
There is the product of odd numbers in denominator. The numbers in numerator
are the differences between two triangular numbers. And the calculation results are
the factorial numbers. The proof of this result is not so difficult. We consider what
generating function is the q-analogue of this calculation.
2. Odd number and trapezoidal number
Theorem 2.1. For any positive integer n,
n∏
k=1
(
n+1
2
)
−
(
k
2
)
2k − 1
= n!.
Figure.
− =
Number n means bottom length of trapezoid as it’s showed in figure. It’s natural
to classify it by top length. However we won’t do that.
For positive integer k, n, we define trapezoidal number
♦n,k :=
{
n+ (n− 1) + · · ·+ (n− 2k + 2) (∀k ≤ n2 )
n+ (n− 1) + · · ·+ (2k − n− 1) (∀k > n2 )
Lemma 2.2. For positive integer k, n, k ≤ n,
♦n,k
2k − 1
= n− k + 1.
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Proof. Let calculate the sum of the number sequence.
∀k ≤
n
2
,
♦n,k = n+ (n− 1) + · · ·+ (n− 2k + 2)
=
1
2
(n+ (n− 2k + 2))× (n− (n− 2k + 2) + 1)
=
1
2
(2n− 2k + 2)× (2k − 1)
= (n− k + 1)× (2k − 1),
∀k >
n
2
,
♦n,k = n+ (n− 1) + · · ·+ (2k − n− 1)
=
1
2
(n+ (2k − n− 1))× (n− (2k − n− 1) + 1)
=
1
2
(2k − 1)× (2n− 2k + 2)
= (2k − 1)× (n− k + 1).

We permute numerator numbers by a “Skip” like next example. Then Theorem
is obvious.
Example. For n = 6,
21 · 20 · 18 · 15 · 11 · 6
1 · 3 · 5 · 7 · 9 · 11
=
6 · 15 · 20 · 21 · 18 · 11
1 · 3 · 5 · 7 · 9 · 11
= 6 · 5 · 4 · 3 · 2 · 1 = 6!.
We consider the q-analogue of theorem 2.1. By the previous reduction,
n∏
k=1
1− q(
n
2)−(
k−1
2 )
1− q2k−1
=
n∏
k=1
n−k∑
i=0
qi(2k−1).
This is the generating function of the odd partitions which that the number of
2k − 1 part is less than or equal to n− k.
3. Reduced lecture hall partition theorem
Let n be a positive integer. A partition λ of n is an integer sequence
λ = (λ1, λ2, . . . , λℓ)
satisfying λ1 ≥ λ2 ≥ . . . ≥ λℓ > 0 and
ℓ∑
i=1
λi = n. We call ℓ(λ) := ℓ the length of
λ, and each λi a part of λ. We let P and P(n) denote the set of partitions and the
set of partitions of n. For a partition λ, we let mi(λ) denote the multiplicity of i as
its part. (1m1(λ)2m2(λ) . . .) is another representation of λ. We define addition and
subtraction of partition each two pattern.
λ+ µ := (λ1 + µ1, λ2 + µ2, . . . , ),
λ− µ := (λ1 − µ1, λ2 − µ2, . . . , ),
λ ⊔ µ := (1m1(λ)+m1(µ)2m2(λ)+m2(µ) . . .),
λ \ µ := (1m1(λ)−m1(µ)2m2(λ)−m2(µ) . . .).
A partition λ = (1m12m23m3 . . .) is said to be odd if m2i = 0 for all i. We denote
OP and OP(n) the set of odd partitions and the set of odd partitions of n.
For positive integer N , partition µ is called lecture hall partition when µ satisfies
µ1
N
≥
µ2
N − 1
≥ . . . ≥
µℓ(µ)
N − ℓ(µ) + 1
.
We call N the width of lecture hall. We denote LN the set of lecture hall partitions
of width N .
Example. (4, 3, 1) 6∈ L3 because
4
3 >
3
1 . (4, 3, 1) ∈ L4 because
4
4 ≤
3
3 ≤
1
2 ≤
0
1 .
A lecture hall partition µ = (µ1, µ2, . . . , µℓ(µ)) is said to be reduced if
∀i, (µ1, µ2, . . . (µi − (N − i+ 1)), . . . , µℓµ) 6∈ LN .
We let RLN denote the set of reduced lecture hall partitions of width N .
Example. For N = 3.
RL3 = {∅, (1), (2), (2, 1), (3, 1), (4, 1))}.
Here (5, 1) ∈ LN , but (5, 1) 6∈ RLN . Because
5
3 − 1 >
1
2 .
For positive integer k,N, (k ≤ N), we denote that,
[♦]N,k :=
{
(N,N − 1, . . . , N − 2k + 2) (∀k ≤ N2 )
(N,N − 1, · · · , 2k −N − 1) (∀k > N2 )
.
For any [♦]N,k = µ = (µ1, µ2, . . . , µℓ), obviously
µ1
N
=
µ2
N − 1
= . . . =
µℓ
N − ℓ+ 1
= 1
Then [♦]N,k is lecture hall partition of width N but not reduced.
Proposition 3.1. For any positive integer N ,
♯RLN = N !.
Proof. By the definition,
µ = (µ1, µ2, . . . , µℓ(µ)) ∈ RLN ⇒ (µ2, . . . , µℓ(µ)) ∈ RLN−1.
When µ2, . . . , µℓ(µ) are fixed, there are N pattern m1 such that µ ∈ RLN . Then it
was proved by mathematical induction. 
We also ready reduced odd partition. Let N be a positive integer. We denote,
OPN := {λ ∈ OP |
∀i > 2N,mi = 0},
ROPN := {λ ∈ OPN |
∀k ≤ N,m2k−1 ≤ N − k}.
We call them the set of N -party odd partitions, the set of N -party reduced odd
partitions. The next proposition is obvious from definition.
Proposition 3.2. For any positive integer N ,
♯OPN = N !.
Then ♯RLN = ♯ROPN . We also prove the orders of these sets are equal in every
size n.
Theorem 3.3 (Reduced Lecture Hall Partition Theorem). For any positive integer
N , ∑
µ∈RLN
q|µ| =
∑
λ∈ROPN
q|λ|.
For proof of this theorem, we construct the map from OPN to LN
ΦN : OPN −→ LN
∈ ∈
λ 7−→ µ s.t.|λ| = |µ|
.
And we prove this map is bijection. We remark beforehand the map ΦN is equiva-
lent with [2]. However, the using sets become finite by reduction. Then the proof
becomes easy. And we also give bijective proof of lecture hall partition theorem by
ΦN .
Fist, let consider the case N =∞, Φ := Φ∞. For λ = ((2k− 1)m) which consists
of a kind of part 2k − 1, we define
Φ((2k − 1)m) := [♦]k+m−1,k.
And we put Ai,k the increase from Φ((2k − 1)i−1) to Φ((2k − 1)i).
1
Ai,k := Φ((2k − 1)
i)− Φ((2k − 1)i−1) = [♦]k+i−1,k − [♦]k+i−2,k.
Example. Let 2k − 1 = 5,
Φ(50) = [♦]2,3 = ∅,Φ(5) = [♦]3,3 = (3, 2),Φ(5
2) = [♦]4,3 = (4, 3, 2, 1),
Φ(53) = [♦]5,3 = (5, 4, 3, 2, 1),Φ(5
4) = [♦]6,3 = (6, 5, 4, 3, 2), . . . .
Then
A1,3 = (3, 2), A2,3 = (1, 1, 2, 1), A3,3 = (1, 1, 1, 1, 1), A4,3 = (1, 1, 1, 1, 1), . . . .
We grow up lecture hall partition by combination of this increase A. We define
next counter I(λ) = [I1(λ), I2(λ), . . . , IN (λ)] to select increase A. The default of
counter is I(λ) = [0, 0, . . .0]. For ∀λ ∈ OPN , ∀2k − 1 ≤ λℓ(λ),
ΦN (λ ⊔ (2k − 1)
1) := ΦN (λ) +Ai(λ),k.
Here, i(λ) := min{j | Ij(λ) = 0}.
I(λ ⊔ (2k − 1)1)
= [I1(λ) − 1, . . . , Ii(λ)−1(λ)− 1, N − k − i(λ) + 1, Ii(λ)+1(λ), . . . , IN (λ)].
Example. For N = 7, 143273911 ∈ OP7.
Φ(11) = ∅+A1,6 = (6, 5), I(11) = [1, 0, 0, 0, 0, 0, 0],
Φ(911) = (6, 5) +A2,5 = (7, 6, 4, 3), I(911) = [0, 1, 0, 0, 0, 0, 0],
Φ(7911) = (7, 6, 4, 3) +A1,4 = (11, 9, 4, 3), I(7911) = [3, 1, 0, 0, 0, 0, 0],
Φ(72911) = (11, 9, 4, 3) +A3,4 = (12, 10, 5, 4, 2, 1), I(7
2911) = [2, 0, 1, 0, 0, 0, 0],
...,
...
Φ(143273911) = (20, 13, 9, 6, 2, 1), I(143273911) = [1, 3, 2, 0, 1, 1, 0].
We research the properties of counter I. For λ ∈ OPN , µ = ΦN (λ), We put
dj(λ) the number of action j while we grow up µ.
1
Ai,k may not be a partition. But we applied same calculation “+”, “−”.
Example. For λ = 143273911 ∈ OP7 just before example,
d1(λ) = 3, d2(λ) = 3, d3(λ) = 2.
Lemma 3.4. Let λ ∈ OPN , µ = ΦN (λ), 2k − 1 = λℓ(λ). Then,
∀j ≤ k, µ2j−1 = (N − 2j + 2)dj(λ)− Ij(λ) (3.1)
∀j < k, µ2j = (N − 2j + 1)dj(λ)− Ij(λ). (3.2)
Especially,
∀j ≤ k, µ2j−1 ≡ −Ij(λ) (mod N − 2j + 2) (3.3)
∀j < k, µ2j ≡ −Ij(λ) (mod N − 2j + 1). (3.4)
Proof. When default λ = µ = ∅, I(∅) = [0, 0, . . .0], both side equal 0. 2
Let prove equation inductive. We put λ′ = λ \ (2k − 1), µ′ = ΦN (λ′). And we
assume that λ′ satisfies identity (3.1), (3.2). If i(λ′) > j ,
dj(λ) = dj(λ
′), Ij(λ) = Ij(λ
′)− 1.
From definition of A,
∀j ≤ k, µ2j−1 = µ′2j−1 + 1,
∀j < k, µ2j = µ
′
2j + 1.
If i(λ′) = j,
dj(λ) = dj(λ
′) + 1, Ij(λ) = Ij(λ
′) +N − k − j + 1,
∀j ≤ k, µ2j−1 = µ
′
2j−1 + k − j + 1, µ2j = µ
′
2j + k − j.
If i(λ′) < j,
dj(λ) = dj(λ
′), Ij(λ) = Ij(λ
′), µ2j−1 = µ
′
2j−1, µ2j = µ
′
2j .
Then λ satisfies equations. 
Lemma 3.5. Let λ ∈ ROPN , (I, µ) = Φ(λ). For all j,
0 ≤ dj(λ) − dj+1(λ) ≤ 1
Proof. By the definition of I and ΦN , first Aj,• is previous than first Aj+1,•. When
dj(λ) − dj+1(λ) = 1, Ij(λ) > Ij+1(λ).
3 Then, next Aj+1,• is previous than Aj,•.
When dj(λ) − dj+1(λ) = 0, Ij(λ) ≤ Ij+1(λ). Then, next Aj,• is previous than
Aj+1,•. 
Let λ ∈ OPN , µ = ΦN (λ) ∈ RLN , λℓ(λ) = 2k − 1. For l ≤ k, we put
λ′ := λ ⊔ (2l − 1), µ′ := ΦN (λ
′). Because ℓ(A•,l) ≤ 2l − 1, µj equals µ
′
j for all j
greater than 2l − 1. Then,
(µ′2l, µ
′
2l+1, . . . , µ
′
ℓ(µ′)) ∈ RLN−(2l−1).
Therefore the possibility of failure of the inequalities of “reduced” and “lecture
hall” exists in only µ′js (j ≤ 2l). By the Lemma 3.5 and (3.1), (3.2) of Lemma 3.7,
µ′ 6∈ LN ⇔
∃j < l, dj(λ
′)− dj+1(λ
′) = 0 ∧ Ij(λ
′) > Ij+1(λ
′).
2 When λ = ∅, we regard k as 2N − 1 (unlimited).
3 When λ 6∈ ROPN , there are case Ij(λ) = Ij+1(λ) = 0.
The right-hand side is false by the argument of the proof of Lemma 3.5. Then ΦN
is map from OPN to LN . And,
µ′ 6∈ RLN ⇔
∃j < l, dj(λ
′)− dj+1(λ
′) = 1 ∧ Ij(λ
′) ≤ Ij+1(λ
′).
The right-hand side is false when λ′ ∈ ROPN . It follows the next proposition.
Proposition 3.6. Let λ ∈ OPN . Then,
λ ∈ ROPN =⇒ ΦN(λ) ∈ RLN .
Lemma 3.7. Let λ ∈ OPN , 2k − 1 ≤ λℓ(λ). Then,
ΦN (λ ⊔ (2k − 1)
N−k+1) = ΦN (λ) + [♦]N,k,
I(λ ⊔ (2k − 1)N−k+1) = I(λ).
Proof. For any a ≤ N − k+ 1, we put λ(a) := λ⊔ (2k− 1)a. Because the smallest
part of λ(a) is 2k − 1,
IN−k+1(λ
(a)) = IN−k+2(λ
(a)) = . . . = IN (λ
(a)) = 0.
Then i(λ(a)) ≤ N − k. We prove that
{i(λ), i(λ(1)), . . . , i(λ(N−k))} = {1, 2, . . . , N − k + 1}.
Then,
ΦN (λ ⊔ (2k − 1)
N−k+1) = ΦN (λ) +
N−k∑
a=0
Ai(λa),k =
N−k+1∑
j=1
Aj,k = ΦN (λ) + [♦]N,k.
First ,we assume that i(λ(a)) is not equal to 1 for all a. Because I1(λ) is less than
N − k and I1(λ(a+1)) = I1(λ(a))− 1, I1(λ(N−k+1)) < 0. It is incompatible. We put
i(λ(a1)) = 1. Then I1(λ
(a1+1)) equals N − k. For all a bigger than a1, I1(λ(a)) > 0.
Therefore the a that i(λ(a)) = 1 is only a1.
Next, we assume that i(λ(a)) is not equal to 2 for all a. Because I2(λ) is less
than N − k − 1 and I2(λ(a+1)) = I2(λ(a)) − 1 for all a 6= a1, I2(λ(N−k+1)) < 0. It
is compatible too. We put i(λ(a2)) = 2. Then I2(λ
(a1+1)) equals N − k− 1. For all
a bigger than a2, I2(λ
(a)) > 0. Therefore the a that i(λ(a)) = 2 is only a2.
...
For all j less than N − k + 1, the a that i(λ(a)) = j is only aj . And we recall that
i(λ(a)) ≤ N − k + 1. Then the last one action is AN−k+1,k.
Let fix l ≤ N − k + 1.
Il(λ
(aj+1)) =


Il(λ
(aj)) (j < l)
Il(λ
(aj)) +N − k − l + 1 (j = l)
Il(λ
(aj))− 1 (j > l)
.
Then,
Il(λ
(N−k+1)) = Il(λ) + (N − k − l+ 1)− 1× (N − k − l + 1) = Il(λ).

Proposition 3.8. Let λ ∈ OPN . Then,
ΦN (λ ⊔ (2k − 1)
N−k+1) = ΦN (λ) + [♦]N,k.
Therefore,
λ 6∈ ROPN =⇒ ΦN(λ) 6∈ RLN .
Proof. By the Lemma 3.7,
2k − 1 ≤ λℓ(λ) ⇒ I(λ ⊔ (2k − 1)
N−k+1) = I(λ).
Then the growths after that are not change. 
Lemma 3.9. Let λ, µ ∈ ROPN , ΦN (λ) = ΦN (µ), 2k − 1 = (λ ⊔ µ)ℓ(λ⊔µ). Then,
∀l ≤ k,ΦN(λ ⊔ (2l − 1)) = ΦN (µ ⊔ (2l − 1)).
Proof. By ΦN (λ) = ΦN (µ) and (3.1),
∀j ≤ k, Ij(λ) = Ij(µ).
Then,
i(λ) ≤ k ∨ i(µ) ≤ k ⇒ i(λ) = i(µ)⇒ Ai(λ),l = Ai(µ),l.
From definition of A,
i(λ) > k ∧ i(µ) > k ⇒ Ai(λ),l = Ai(µ),l.
Then,
ΦN(λ ⊔ (2l − 1)) = ΦN (µ ⊔ (2l − 1)) = ΦN (λ) +Ai(λ),l.

Proposition 3.10. ΦN is injection.
Proof. Let λ, µ ∈ OPN , λ 6= µ. We assume that ΦN (λ) = ΦN (µ). And we put
2k − 1 = (λ ⊔ µ)ℓ(λ⊔µ). If m2k−1(λ) = m2k−1(µ) =: m2k−1, we transform λ, µ as
λ 7→ λ′ := λ \ (2k − 1)m2k−1 ,
µ 7→ µ′ := µ \ (2k − 1)m2k−1 .
Then,
ΦN (λ
′) = ΦN (λ ⊔ (2k − 1)
N−k−m2k−1+1)− [♦]N,k
= ΦN (µ ⊔ (2k − 1)
N−k−m2k−1+1)− [♦]N,k = ΦN (µ
′).
Repeat this transform until the multiples of the smallest parts will be different and
less than 2N − k. Let m2k−1(λ) > m2k−1(µ). Then,
λ ⊔ (2k − 1)N−k−m2k−1(λ) 6∈ ROPN , µ ⊔ (2k − 1)
N−k−m2k−1(λ) ∈ ROPN .
Therefore,
ΦN (λ ⊔ (2k − 1)
N−k−m2k−1(λ)) 6∈ RLN ,ΦN (µ ⊔ (2k − 1)
N−k−m2k−1(λ)) ∈ RLN .
It is compatible. 
Then Φ is injection between same order sets. Therefore Φ is bijection. We proved
Theorem 3.3.
For any positive integer N ,
∑
λ∈ROPN
q|λ| =
∑
µ∈RLN
q|µ| =
N∏
k=1
1− q♦N,k
1− q2k−1
.
4. Lecture hall partition theorem
We consider reduction of odd partition and lecture hall partition. First, for odd
partition. Let λ = (1m12m2 . . .) ∈ OPN . If mk > N − k, we transform λ as
(1m12m2 . . . kmk . . .) 7→ (1m12m2 . . . kmk−(N−k+1) . . .).
Repeat this transform until mk ≤ N − k for all k. Then the resulting partition [λ]
is reduced odd partition.
Next, for lecture hall partition. Let µ = (µ1, µ2, . . .) ∈ LN . If
µj
N−j+1 −1 ≥
µj+1
N−j ,
then we transform µ as
µ 7→ µ− (N,N − 1, . . . , N − j + 1) =
{
µ− [♦]N,j (j : odd)
µ− [♦]N,2N−j+1 (j : even)
.
Repeat this transform until
µj
N−j+1−1 <
µj+1
N−j for all j. Then the resulting partition
[µ] is reduced lecture hall partition.
By the Lemma 2.2, |[♦]N,k| = |(2k − 1)N−k+1| = ♦N,k. Then,∑
λ∈OPN
q|λ|
=
N∏
k=1
∑
j≥0
qj×|(2k−1)
N−k+1| ×
∑
λ∈ROPN
q|λ|
=
N∏
k=1
1
1− q♦N,k
×
N∏
k=1
1− q♦N−k
1− q2k−1
=
N∏
k=1
∑
j≥0
qj×|[♦]N,k| ×
∑
µ∈RLN
q|µ|
=
∑
µ∈LN
q|µ|.
Theorem 4.1 (Lecture Hall Partition Theorem [1]). For any positive integer N ,
∑
λ∈OPN
q|λ| =
∑
µ∈LN
q|µ| =
N∏
k=1
1
1− q2k−1
.
Same correspondence of (2k− 1)N−k+1 and [♦]N,k was proved about a property
of ΦN . Then ΦN is also bijection from OPN to LN .
Last of this paper, we introduce refined versions of lecture hall partition theo-
rems. Let λ = (λ1, λ2, . . .) ∈ P , we denote the alternative size of λ
|λ|a :=
ℓ(λ)∑
k=1
(−1)k+1λk.
For trapezoid,
|[♦]N,k|a = k.
Then,
|AN,k|a = |[♦]N,k|a − |[♦]N,k−1|a = 1.
Next theorems follow from the definition of ΦN .
Theorem 4.2. For any positive integer N ,
∑
λ∈OPN
tℓ(λ)q|λ| =
∑
µ∈LN
t|µ|aq|µ| =
N∏
k=1
1
1− tq2k−1
.
Theorem 4.3. For any positive integer N ,
∑
λ∈ROPN
tℓ(λ)q|λ| =
∑
µ∈RLN
t|µ|aq|µ| =
N∏
k=1
1− tN−k+1q♦N,k
1− tq2k−1
.
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